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Abstract 
For a compact irreducible sufficiently large 3-manifold containing 2-sided projective 
planes, we consider the problem of when two involutions which induce the same outer 
automorphism on the fundamental group are strongly equivalent. We show that two such 
involutions are strongly equivalent in the complement of a regular neighborhood of an 
invariant set of projective planes, and analyze how they differ in this regular neighborhood. 
We show that under certain conditions, isotopic involutions are strongly equivalent. 
Key words: 3-manifold; Projective plane; Involution; Strongly equivalent; Rotation; Auto- 
morphism 
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0. Introduction 
A lot of progress has been made in studying finite group actions by their 
induced outer automorphisms on the fundamental group. Many results have been 
established for 3-manifolds which are P2-irreducible and/or aspherical. For exam- 
ple Zimmermann has shown in [25] that any two geometric actions, inducing the 
same outer automorphism on the fundamental group of a Haken manifold which is 
not Seifert fibered and whose boundary consists only of incompressible tori, are 
strongly equivalent. However, when the manifolds are not aspherical, or contain 
2-sided projective planes, corresponding results are not always possible. For 
example in [9], where we considered the problem for involutions on a connected 
sum of Haken manifolds, examples were given of involutions inducing the same 
outer automorphism which are not strongly equivalent, or even equivalent. 
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In this paper we study the problem of distinguishing up to (strong) equivalence 
the PL involutions of irreducible sufficiently large 3-manifolds which contain 
2-sided projective planes by their induced outer automorphisms. Two involutions f 
and g of a manifold M are said to be equivalent (relative to &V), if there exists a 
homeomorphism k (which restricts to the identity on XM), such that kfk-’ = g. If 
k is isotopic to the identity (relative to M4>, then we say f and g are strongly 
equivalent (relative to M4). 
Our program is similar to that of Tollefson’s in [23]. In [23] Tollefson introduces 
the notion of an h-hierarchy (a hierarchy which is h-equivariant) for an involution 
h on a compact orientable irreducible 3-manifold and shows that such a hierarchy 
exists whenever the first homology is infinite. Using induction on the length of the 
h-hierarchy, he shows that when the manifold is not Seifert fibered, then any 
involution homotopic to h is strongly equivalent to h; if the manifold is Seifert 
fibered then there exists an involution p, possibly trivial, embedded in an SO(2) 
action and commuting with h, such that if f is an involution homotopic to h, then 
f is strongly equivalent to ph. Our modified definition of hierarchy is that of 
Swarup in [21]: splitting along 2-sided incompressible surfaces to eventually reduce 
the manifold to balls and P2 X 1’s. An irreducible 3-manifold which contains 
2-sided projective planes, contains a finite collection of disjoint nonparallel, 
nonboundary parallel 2-sided projective planes, such that every 2-sided projective 
plane is isotopic to one in this collection. This follows by the Haken-Kneser 
Finiteness Theorem. Such a collection is called a maximal collection of projective 
planes. By Corollary 1.2 in [19] we may assume any two involutions which induce 
the same outer automorphism on the fundamental group agree on a maximal 
collection of projective planes. This effectively reduces the study to involutions of 
irreducible 3-manifolds in which every projective plane is boundary parallel. By 
Theorem 3.3 in [19] any involution h on such a manifold has an h-hierarchy. 
In this paper we assume that no manifold contains a fake P* X I. 
The paper is organized as follows: In Section 1 we classify the involutions of 
P* x I up to equivalence. Section 2 deals with the classification of involutions on a 
certain manifold V. This manifold plays an important role in determining whether 
two isotopic involutions on a manifold containing I/ are equivalent by a rotation, or 
are strongly equivalent (see Corollary 6.6). In Section 3 we show that isotopic 
involutions on surfaces are strongly equivalent if a certain condition on the trace of 
the isotopy is satisfied. Section 4 deals with isotoping an incompressible surface 
that is isotopically equivariant under an involution, to one which is equivariant 
under that involution. The main results of Section 5 investigate the problem of 
changing involutions to agree on an incompressible surface and to be isotopic 
relative to that surface. In Section 6 we prove our main results by splitting along 
incompressible surfaces in an equivariant hierarchy and then using induction. We 
conclude in Section 7 with two examples which illustrate the necessity for certain 
assumptions in the main results. We construct involutions which are isotopic, differ 
only in neighborhoods of projective planes, but are not strongly equivalent. 
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1. Involutions of P2 X Z 
Let p : S2 x I + P2 x I be the orientable double cover. Any loop in SO(3, iw) C 
Diff(S2), based at the identity, may be regarded as a homeomorphism p’ of S2 X I, 
which projects to a homeomorphism p of P2 x I. The homeomorphisms 6 and p 
are called rotations about S2 X {O) and P2 X (0) respectively. Since SO(3, [w) is 
diffeomorphic to P3, we have 7r,(S0(3, iw)) = Z,, which is generated by a loop that 
rotates once about a fixed axis. This implies that the square of any rotation is 
isotopic to the identity relative to the boundary. 
We view P* as the set of equivalence classes {[re”]: 0 < r < 1, eie - e@?. 
Define a homeomorphism pi : P2 X I + P2 X I by pl([rei8], t) = ([rei(o+2at)], t). If 
~5~ is the orientation preserving lift of pi to S2 X I, then pi is a nontrivial rotation, 
i.e., pi is not homotopic to the identity relative to the boundary of S2 XI. By 
Lemma 4.1.1 in [lo], the group of isotopy classes of homeomorphisms of P2 X Z 
which restrict to the identity on Ll(P* X I), is isomorphic to Z, and generated by a 
nontrivial rotation. 
Let g : P2 x Z + P* x Z be an involution defined by g([re’“], t) = ([re-“1, t). 
Note that the fixed point set of g consists of a properly embedded annulus A and 
a properly embedded arc. The annulus A is one-sided and lifts to an annulus A in 
S2 x I. Let 2 be the lift of g to S2 X Z such that fix(g) =A’. There exists a 
nontrivial rotation p’a: S2 x Z -+ S2 x Z which commutes with both the covering 
translation and S. This implies that & projects to a nontrivial rotation pa : P2 X Z 
+ P2 x Z such that pOgp;’ = g. If 1 is any homeomorphism of P2 X Z which 
restricts to the identity on the boundary and is not homotopic to the identity 
relative to the boundary, then lgl-’ = (Zp,)g(Zp,)-’ and Zp, = idrel(a(P* XI)). We 
therefore have the following remark. 
Remark 1.1. Any involution equivalent to g relative to the boundary is strongly 
equivalent to g relative to the boundary. 
Let k : P2 X Z +P2 XZ be the homeomorphism defined by k([re”], t) = 
([e i(“+Tf)], t). Note that k2 =pl. Since k I pzxto) = id and k I p2x(l) commutes with 
g 1 p~x~ll, it follows that the involution f= kgk-’ agrees with g on a(P2 XI). 
Observe that gk-’ = kg, and therefore f = kgk-’ = k*g = pig. This implies that f 
and g are not isotopic relative to tl(P2 XI), and therefore by Remark 1.1 cannot 
be equivalent relative to d(P2 X Z). Furthermore, as with the involution g, there 
exists a nontrivial rotation which commutes with f. We summarize in the following 
remark. 
28 J. Kalliongis / Topology and its Applications 59 (1994) 25-57 
Remark 1.2. (a) f is not isotopic to g, relative to a(P* XI). 
(b) f is not equivalent to g, relative to a(P2 x I). 
Cc) Any involution equivalent to f relative to the boundary, is strongly equiva- 
lent to f relative to the boundary. 
In proving one of the main results of this section, the following proposition is 
needed. 
Proposition 1.3. Any two involutions on a solid Klein bottle, which agree on the 
boundary, are strongly equivalent relative to the boundary. 
Proof. Let fi and f2 be two involutions on a solid Klein bottle N which agree on 
&V. By Lemma 3 in [13], there exists a properly embedded f,-equivariant disk D. 
Now fI(D) is isotopic relative to %V to f&D). Applying Theorem 4.2 in [231, there 
exists a homeomorphism (Y, isotopic to the identity relative to XV, such that 
~y-‘f~~y(D) =fI(D). W e may further assume that a-‘f2a I D =fl I D. The result 
now follows by splitting N along D U f,(D) to obtain one or two 3-cells, which 
admit only the standard involutions. q 
Theorem 1.4. Let q be an involution of P* X Z which agrees with g on a(P* XI). 
Then q is strongly equivalent relative to the boundary, to either g or f. 
Proof. The proof is similar to the proof of Lemma 4.1.1 in [lo]. We may assume 
that g and q agree in a neighborhood of P2 x al. Now the fixed point set of any 
involution of P2 X Z which fixes each boundary component, contains a component 
which is a properly embedded one-sided annulus. This can be seen as follows: By 
[18] there is up to equivalence only one involution of the projective plane, and 
therefore the fixed point set of any involution of P2 X Z contains a 2-dimensional 
component. Lifting the involution to an involution of the orientable double cover 
having a 2-dimensional component in its fixed point set, and using the fact that 
involutions of S* X Z are standard, we see that this component is an annulus. This 
annulus is left invariant by the covering translation and projects to an annulus. 
Denote by A and B the annuli components of the fixed point sets of g and q 
respectively. Let [O] E P2 and let a = [0] x Z cP* x Z. Isotope B, relative to the 
boundary, such that in a neighborhood of P2 x al, A f~ B is contained in a. Then 
isotope B, fixing a neighborhood of P2 x aZ, so that B is transverse to A. The 
intersections will then be a single arc and a collection of simple closed curves. By 
irreducibility of P2 X I, we may eliminate the simple closed curves by an isotopy. 
This implies that after conjugating q by a homeomorphism isotopic to the identity 
relative to a(P* XI), we may assume the annulus component of fix(q) meets A in 
an arc 6. Now 6 winds around A some number of times, say k, as compared to a. 
There exists a rotation p, which leaves A invariant, such that ~~(6) = a. There- 
fore, pkq(pk>-‘(a> = a. Denote the improved involution pkq(pk)-’ again by q. 
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Let W = 0’ x I be a g-invariant tubular neighborhood of a. We may assume 
that q(W) = W. It is not hard to see that for some integer j, q I w is strongly 
equivalent to k’g(k’)-’ I W, relative to D2 X 31, where k([re”], t) = 
([re i(O+Tf)], t).We therefore may assume that q ( w = kjg(kj)-’ I W. The comple- 
ment of int(D*) X I is a solid Klein bottle. Applying Proposition 1.3 to the 
complement and extending the conjugating map to W by the identity, it follows 
that q is equivalent relative to a(P2 X I) to k’g(kj)-r. Recall that k2 = p,. If 
j = 2n we have kjg(k’)-’ =p;gpl”, which by Remark 1.1 is strongly equivalent to 
g. If j is odd, then similarly using Remark 1.2(c) it follows that kjg(kj)-’ is 
strongly equivalent to f relative to the boundary. This completes the proof. 0 
Suppose q is an involution of P* X Z which leaves each boundary component 
invariant. By Lemma 1 in [18] and the fact that the mapping class group of the 
projective plane is trivial, it follows that q I a(pzxl) is strongly equivalent to 
g I a(pzxl). Observe that g is strongly equivalent to f, relative to a preferred 
boundary component. We therefore have the following corollary. 
Corollary 1.5. Let q1 and qz be two involutions of P2 x I which leave each boundary 
component invariant and agree on a preferred boundary component. Then q1 and q2 
are strongly equivalent relative to that preferred boundary component. 
Define an involution h: P2 x I + P2 XI by h([re”l, t) = ([re”],l - t). Note 
that h and g commute, and therefore g 0 h is also an involution. A computation 
shows p, 0 (g 0 h) 0 p ;’ = g 0 h, and therefore as above we have the following 
remark. 
Remark 1.6. Any involution equivalent to g 0 h relative to the boundary, is 
strongly equivalent to g 0 h relative to the boundary. 
Let h be a lift of h with fix(h) = S* X {l/2}. Choose a small arc a on S2 X {O), 
and let D = (a} XI. Note that D is h-invariant. 
Lemma 1.7. Let A be an h-invariant disk such that A n KS2 x I) = D n XS2 x I). 
Then A is isotopic to D, relative to a(S2 X I). 
Proof. Let p : S2 XI + (S2 X Z)/h be the orbifold covering map. The orbifold 
space (S2 X Z)/h is homeomorphic to S2 XI with one of the boundary compo- 
nents p(S2 X {l/2)) being a mirrored 2-sphere. In (S2 x Z)/h we perform an 
isotopy which takes p(A) to p(D) and restricts to the identity on p(S* x (0)) and 
leaves the mirrored sphere invariant. Lifting this isotopy proves the result. q 
Lemma 1.8. The involutions /ilhti-’ and & are isotopic relative to the boundary, but 
are not strongly equivalent relative to the boundary. 
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Proof. A computation shows that h 0 p1hp;’ =pc2, and this implies h 0 fi,&/3,-’ 
+-2, which is isotopic to the identity relative to the boundary. Suppose for 
contradiction that there exists a homeomorphism j, isotopic to the identity relative 
to the boundary, such that h = j(@i~p,-l)j-l. Now j 0 p,(D) is left invariant by A, 
and therefore by Lemma 1.7 is isotopic to D relative to the boundary. Therefore 
D = j 0 p,(D) = p,(D), relative to the boundary. This implies we may isotope b,, 
relative to the boundary, so that G1 is the identity on D. Splitting S2 XI along D 
and applying the Alexander trick we conclude that pi is isotopic to the identity 
relative to the boundary. This gives a contradiction. 0 
Corollary 1.9. The involutions p,hp,’ and h are isotopic relative to the boundary, 
but are not strongly equivalent relative to the boundary. 
Proof. If p1hp;’ and h are strongly equivalent relative to the boundary, then their 
lifts plhG1-’ and 16 would be strongly equivalent relative to the boundary, which is 
false by Lemma 1.8. Since h 0 p1hp;’ =pc2, which is isotopic to the identity 
relative to the boundary, the result follows. q 
Theorem 1.10. Let q be an involution of P2 XI. If q I a(pzxI) = h I a(pzxI), then q is 
strongly equivalent relative to the boundary to either h, or to p1hp;‘. Zf q I a(pzxI) = 
(g 0 h) I J(PZ~I), then q is strongly equivalent relative to the boundary to g 0 h. 
Proof. By Corollary 1.5 in [19], q is equivalent to an involution i, where i = h or 
g 0 h. Therefore q leaves a projective plane in the interior invariant. This projec- 
tive plane is isotopic to P2 X {l/2). This implies that we may conjugate q by a 
homeomorphism isotopic to the identity relative to the boundary, so that 
4 I pzx(1/2) = i I P+(I/z). Define a homeomorphism j : P2 X [O,ll + P2 x [OJ] by 
j I ~+[0,1/2] = (i I p+[l&(q I ~2~[0,1,21) and j I ~+[1/2,1] = id. Note that j&l = i. If 
j is isotopic to the identity relative to the boundary, then the theorem is proved; 
otherwise p1 j = id by Lemma 4.1.1. in [lo] and we have p, j&‘p;’ = p,ip;‘. Since 
either i=h, or i=g 0 h and p1g 0 hp;’ = g 0 h, the proof is complete. q 
For future reference, we denote the involutions g, f, h, and plhpF1 defined in 
this section by g,, fp, h,, and i, respectively. 
An involution of P2 x I is said to be standard if it equals either g,, fp, h,, or 
i,. Define an associated pair of standard involutions to be any of (gp, f,>, 
(fp, gp>, (h,, i,>, or (i,, h,). 
2. Involutions on V 
For P2 = ([reie]: 0 G r G 1, eie N eice+)} let V, and V, be copies of P2 X I. 
Consider a disk D = {([re”],l>: 0 < r < l/2} CP2 X 11) cP2 X 1 and let Di be a 
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copy of D in V, for i = 0,l. Form the 3-manifold I/= (VO U Vi) U (D* XI)/- 
where the disk D2 x {i} is identified with Di for i = O,l, via the identity map. 
Let a,(I’> and a,(V) denote the incompressible and compressible boundary 
components of I/ respectively. 
Proposition 2.1. Let M be a compact irreducible 3-manifold containing 2-sided 
projectiue planes with the property that euery 2-sided projective plane is boundary 
parallel. If aM contains a compressible Klein bottle boundary component, then M is 
homeomorphic to V. 
Proof. Let K be a compressible Klein bottle boundary component. Since K is 
compressible, there exists a properly embedded disk D such that aD is a noncon- 
tractible loop in K. Now D is a separating disk, for otherwise by irreducibility M 
would be a solid Klein bottle, contradicting the assumption that M contains 
2-sided projective planes. This implies that M is obtained from two irreducible 
3-manifolds, say M, and M,, by identifying a disk in a projective plane boundary 
component of M, to a disk in a projective plane boundary component of M,. 
From this it follows that we may view V c M with a,(V) = K. Since every 2-sided 
projective plane is boundary parallel, the two projective plane boundary compo- 
nents of V are each parallel to different boundary components of M. This implies 
M is homeomorphic to V. q 
Proposition 2.2. Let k be a homeomorphism of V isotopic to the identity such that 
kl aAv) = id. Then k is isotopic to a rotation, relative to a,(V). 
Proof. Isotope f, relative to a,(V), so that f I a,(v) = id. Let D be a compressing 
disk for a,(V). Using the irreducibility of V we may isotope f, relative to al/, so 
that f(D) = D. Then we further isotope f so that f I D = id. Splitting V along D 
and applying Lemma 4.1.1 in [lo] to f restricted to each component, proves the 
statement. 0 
Before classifying the involutions on V we need a classification of the strong 
equivalence classes of involutions of a Klein bottle. We will view the Klein bottle K 
as the set of equivalence classes {[rz]: z ES’, l/2 G r G 2, (l/2)2 N (- l/2)2, 
22 N - 2~). By Lemma 2 in [18] any involution of K is equivalent to one of the 
following standard involutions: 
(1) h,([rzI) = [-rzl, fix(h,) = S’ u S’. 
(2) h,([rz]) = [El, fix(h,) = S1 u S”. 
(3) h,([rzl) = [(1/2)rzl, fix(hJ = S’. 
(4) h,([rz]) = [(1/2)]rZ], fix(h,) = S”. 
(5) h,([rzl) = [(- 1/2)rzl, fix(h,) = @. 
The following remark follows easily. 
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Remark 2.3. (a) k, = id, and therefore k, = k,. 
(b) The involutions k,, k,, and k, are not homotopic to the identity. 
(c) k, is not homotopic to k,. 
(d) k, = k,k,. 
(e) kikj = k,k, for all i and j. 
Lemma 2.4. If k is an involution of K, then k is strongly equivalent to hi for some i. 
Proof. By Lemma 5 in [HI, there exists a homeomorphism k such that k-’ k,k = k 
for some i. Now by Lemma 5 in [El, the mapping class group of K, H(K), is 
isomorphic to L, ~3 Z,. Therefore by Remark 2.3(b) and (c) H(K) is generated by 
the isotopy classes of involutions k, and k,. This implies that k is isotopic to a 
homeomorphism j, which is a product of the homeomorphisms k, and k, which 
by Remark 2.3(e) commute with hi. Therefore k = k-‘k,k = (j-‘k)-‘ki(j-‘k), 
where j-‘k = id, and the result follows. q 
Now consider I’ with a,(V) = K. The involutions hi defined on K extend to 
involutions hi on I/ having the following fixed point sets: f&z,) consists of two 
annuli each in y. and a properly embedded arc joining the two components of 
a,(V), fix(h,) consists of two arcs each in q and two annuli each in V, joined 
together by a band in D2 X Z, fix(&) consists of a compressing disk for K, fix(h,) 
consists of a properly embedded arc contained in a compressing disk for K, fix(h,) 
is a point. In addition the following remark holds. 
Remark 2.5. (a) h, = id, and therefore h3 = h,. 
(b) The involutions h2, h3, and h4 are not isotopic to the identity. 
(c) h, is not isotopic to 7~~. 
(d) h4 =h2 h3. -- 
(e) kikj =hjhi for all i and j. 
Theorem 2.6. Let f be an involution of V. Then f is strongly equivalent to hi for some 
i. Furthermore hi is not equivalent to hi for i #j. 
Proof. Since the fixed point sets of hi and hi are not homeomorphic for i fj, it 
follows that hi is not equivalent to hi for i #j. If f is an involution of V, then by 
Lemma 2.4, f I adv) is strongly equivalent to hi for some i. Therefore we may 
assume that f ( a,cvj = hi. Note that there exists a compressing disk D for K whose 
boundary is left invariant for each hi. By a cutting and pasting argument applied to 
D, analogous to that found in [13], there exists an f-invariant disk A such that 
aA = aD. Since I/ is irreducible, it follows that A is isotopic to D, relative to W. 
Therefore by conjugating f by a homeomorphism isotopic to the identity relative 
to W, we may assume f(D) = D. Since f 1 aD = hi I aD, we may further assume 
J. Kalliongis / Topology and its Applications 59 (1994) 25-57 33 
f I D = hi I D. Write I/= Vd U Vl where each y’ is homeomorphic to P2 x I, and a 
disk in P2 x (1) c Vi is identified with a disk in P2 X (1) C V{. 
Suppose f exchanges the sides of D. Define a homeomorphism k : V; + V,’ by 
k = (hi I v;) 0 (f I v$, and note that k is isotopic to the identity relative to P2 X (1). 
Extend k to all of I/ by the identity and observe that k is isotopic to the identity 
relative to a,(V) and kj7-’ =hi. 
Now suppose f does not exchange the sides of D. Since f and hi restricted to 
v’ agree on a preferred boundary component, the result follows by applying 
Corollary 1.5 to f and h, restricted to y’. This completes the proof. 0 
We now consider an involution hi. If i = 1,2, then as in the discussion before 
Remark 1.1, there exists a nontrivial rotation of V with support in “;, j = O,l, such 
that hi and this rotation commute. On the other hand if i f 1,2 and if p0 is a 
nontrivial rotation about P2 x (0} c V,, then it is not hard to see that p0 hip;’ = 
POP1 -‘h. where p, is a nontrivial rotation about P2 X (0) c V,. Furthermore pop;’ 
= id (r;l a,(V)). We therefore have the following remark. 
Remark 2.7. For any rotation p, phip-’ = hi (rel a,(V)>. 
Proposition 2.8. Let f and g be involutions uch that f I advj = g I aAvj and f = kgk-’ 
where k is isotopic to the identity. If g is strongly equivalent o h, assume that g = f 
(rel i+(V)). Then k may be chosen to be the identity on a,(V). 
Proof. Assume first that g = hi. Suppose hi exchanges the components of 3,(V). 
Let U, = P2 X [0,1/2] be a regular neighborhood of P2 X (0) c V, and let U, = 
hi(Uo). There exists a homeomorphism q of U,, isotopic to the identity relative to 
P2 X (l/2), such that for all x in P2 X (01, kq(x) =x. Now define q restricted to 
U, by (hi 1 uu) 0 q 0 (hi I ul), and extend q to all of V by the identity. By the 
definition of q it follows that qhiqpl =hi. Furthermore for y E U, we have 
kq(y) = khiqhi(y), and since hi I advj and k I a,cvj commute, this equals 
h,kq hi(y) = hf( y) = y. Therefore (kq) I aXvj = id and f = khikp’ = (kq)hJkq)-l, 
providing the result in this case. 
We now assume hi does not exchange the components of Cl,(V). Let (Y c P2 X 
(0) c V, denote the l-dimensional component of the fixed point set of hi I pzx(o). 
Since f I adv) = hi I aAv), it follows that k(a) = LY. If k restricted to (Y preserves the 
orientation of (Y, it is not hard to see that k restricted to P* x (0) is xi-equiv- 
ariantly isotopic to the identity, and therefore we may assume k I pzxto) = id. 
Suppose k reverses the orientation of (Y. Then there exists a homeomorphism j, 
with support in a small regular neighborhood U of P2 x (O} and isotopic to the 
identity relative to V - U, such that kj preserves the orientation of (Y. The 
homeomorphism j takes [re’“] in P2 x (0) to [reiCetm)]. If hi =h, then j may be 
chosen to commute with hi. A similar argument may be applied to P2 X (0} c V, if 
necessary, proving the result in this case. Now suppose hi =h2. If k restricted to 
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each component of a,(V) is not h,-equivariantly isotopic to the identity, then 
(h,k)l aV, is h,-equivariantly isotopic to the identity, and since h2 and h, commute, 
the result follows as above. We now assume that k restricted to P2 x {O} c I’,, is 
not h,-equivariantly isotopic to the identity but k restricted to P2 x {O} c V, is 
h,-equivariantly isotopic to the identity. We will show that this leads to a contra- 
diction. Now by the choice of j, kj is h,-equivariantly isotopic to a homeomor- 
phism k, which restricts to the identity on a,(V) such that ki’fk, = j-lk-‘fkj = 
j-‘h, j =h2 j* =h2p, where p is a nontrivial rotation about P2 x (0) c V,,. Since 
k, I a,(v) = id and k, is isotopic to the identity, it follows by Proposition 2.2 that k, 
is isotopic to a rotation Y, relative to a,(V). We therefore have rh,pr-’ -f 
(rel?l,(V)). By Remark 2.7, r-‘h,r =h2 (rela,(V)). This implies that p = id 
(rel a,(V)), which by Proposition 2.2 is impossible. If k restricted to P2 x (0) c V, 
is not h,-equivariantly isotopic to the identity but k restricted to P2 X (0) c V, is 
h,-equivariantly isotopic to the identity, then the identical argument with j having 
support in a collar neighborhood of a,(V) in Vi is used to obtain a contradiction. 
Suppose now that g = lh,ll’ for some homeomorphism 1 isotopic to the 
identity, and therefore f = klhil-‘k-l. Applying the above for the case ll’fl= 
l-‘klhilllk~‘Z, we obtain a homeomorphism j,,, isotopic to the identity, such that 
ll’fl= job, j,’ where j, I aAvj = id. Therefore f = ljohij{‘l-’ = (lj,l-‘)(l?~~l-‘> 
(lj;‘ll’) = (h,Z-‘)g(lj;‘Z-l), and since (Ij,Z-‘) I a,cvj = id, this completes the proof. 
0 
Consider the homeomorphism j defined in the above proof which rotates 
P2 X (0) through an angle of rr and has support in a regular neighborhood of 
P2 X {O}. It follows that jh5 j-’ 1 advj = h3 I aAvj. The following remark follows by 
investigating the isotopy from h, to h3. 
Remark 2.9. jh, jj’ = hap, relative to a,(V), where p is a nontrivial rotation about 
a component of a,(V). 
Proposition 2.10. Let N be a compact irreducible sufficiently large 3-manifold and let 
p be a composition of nontrivial rotations about a collection of disjoint nonparallel 
two-sided projective planes. Then the following are true. 
(1) p is not isotopic to the identity relative to aN. 
(2) If N = V and p is a rotation about a component of a,(V), then p is not 
isotopic to the identity relative to at(V). 
(3) Suppose V c N where a,(V) c aN, and assume that no component of a,(V) is 
boundary parallel or is contained in a submanifold V’ homeomorphic to V with 
at(V’> boundary parallel. If p is a rotation about a component of a,(V), then p is not 
isotopic to the identity. If p is a composition of two rotations about the two 
components of a,(V), then p is not isotopic to the identity relative to a,(V). 
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(4) Zf either p is isotopic to the identity relative to the projective planes supporting 
p, or if p is isotopic to the identity and no projective plane supporting p is boundary 
parallel, then V c N with a,(V) c aN. 
Proof. There exists a maximal collection of projective planes which contain the 
projective planes supporting p that are not boundary parallel. Let N be the 
orientable double cover of N and note that every projective plane lifts to a 
2-sphere which is left invariant by the covering translation. Since N is sufficiently 
large it follows by Corollary 4.2.1 of [lo] that the components of the complement of 
a maximal collection of projective planes in N are sufficiently large. This implies 
that P? is a connected sum of S* X S' and compact irreducible sufficiently large 
3-manifolds, with the interior of a possibly empty collection of disjoint 3-balls 
removed. 
Suppose there exists an isotopy K : id = p (rel a,(N)) where a,(N) is a collection 
of boundary components. We will show that we obtain a contradiction in cases (1) 
(2), and (3) of the proposition. Lift K : id = p (rel a,(N)) to an isotopy Z? : id 2 6 
(rel i&(M)) and note that p’ is a composition of nontrivial rotations about nonparal- 
lel 2-spheres. If aN = a,(N), then we have i : id = p’ relative to M?. However by [51 
this is impossible, proving the first part of the proposition. In case (2) of the 
proposition, double N along a,(V) and extend both p and the isotopy by the 
identity. It now follows that (3) will imply (2). As in [7], by looking at the trace of 
the isotopy for a basepoint on each nonsphere boundary component in P?, and 
considering the isotopy restricted to each 2-sphere boundary component, we 
construct a homeomorphism d, with support in collar neighborhoods of tori 
boundary components and a composition of nontrivial rotations r about some 
2-sphere boundary components, such that id = brd, relative to a??. By the proof of 
Lemma 1.1 in [7], it follows that d, has support in neighborhoods of compressible 
tori and fir has support in neighborhoods of 2-spheres in punctured solid tori. Let 
v be such a punctured solid torus. Now v is left invariant by the covering 
translation and each 2-sphere in ? must be left invariant. By filling in the 
2-spheres and extending the involution restricted to 9, we obtain an orientation 
reversing involution on a solid torus with isolated fixed points. By [ll], there is only 
one such involution up to equivalence, and this involution has only two fixed 
points. This implies that p projects to V in N with a,(V) c aN. Furthermore it 
follows that the composition of rotations t?r = r,r; . . . r,,rA where the nontrivial 
rotations ri and r-1 have support in a neighborhood of the 2-sphere boundary 
components of a twice punctured solid torus v and d, is nontrivial in a neighbor- 
hood of avl,. This shows case (4) and gives the necessary contradiction in case (3). 
0 
Proposition 2.11. Suppose f and g are involutions of V which are isotopic relative to 
a,(V). Then there exists a homeomorphism k, isotopic to a rotation relative to a,(V), 
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such that kfk-’ = g. If f does not exchange the boundary components, then we may 
choose k isotopic to the identity relative to a,(V). 
Proof. By Theorem 2.6, f and g are strongly equivalent to hi and hi respectively 
for some i and j. If i = j, then f and g are strongly equivalent, and by Proposition 
2.8 we may assume f is strongly equivalent to g by a homeomorphism which is the 
identity on a,(V). Suppose i #j. We will show that this leads to a contradiction. By 
Remark 2.5(a), only the involutions h3 and h, are isotopic. We may assume f and 
g are strongly equivalent to h3 and h, respectively. By conjugating both f and g 
we may assume that f I aAv) = g I aAv) = h3 I aAv). There exist homeomorphisms k, 
and k,, each isotopic to the identity, such that h3 = k, fk;’ and jz,jj’ = k,gk;‘, 
where j is the homeomorphism in Remark 2.9. By Proposition 2.8 we may assume 
ki is the identity on $(V>. Now h3 = k,j7c;’ = k,gk;’ (rel l+(V)>, and this is equal 
to k,k,‘j%,j-‘k,k,‘. By Proposition 2.2, k,k;’ is isotopic to a rotation p, 
relative to a,(V). Therefore h3 = pi jh5 j-‘p;’ (rel$(V)). Since any rotation will 
homotopically commute with j and by Remark 2.7, ~ih,p;’ = E5 (rel a,(V)), it 
follows that h3 = j?z,j-’ (rel i+(V)>. By Remark 2.9, jh,j-’ =x3p (rel3,(V)). This 
implies that id r p (rel a,(V)), which is impossible by Proposition 2.10. 
If f does not exchange the components of ?l,(V>, then f is strongly equivalent 
to hi for i = 1,2. Since there exists a nontrivial rotation that commutes with hi, by 
composing the conjugating homeomorphism with this rotation we may choose the 
conjugating homeomorphism to be isotopic to the identity relative to a,(V). 0 
3. Equivalent involutions of surfaces 
Lemma 3.1. Let N be a compact n-manifold and suppose H: f F g is an isotopy 
where f and g are involutions of N. For a basepoint x,, not in fix(f) u fix(g), let 
H(x,, t> = T(t) and H(f(x,), t) = T’(t). Zf T’g( 1 r 1s a contractible loop, then there 
exists a homeomorphism k, isotopic to the identity, such that k-‘gk y f, relative to 
Ix,, f(xJ). 
Proof. Define an isotopy Q : id = k such that (2(x,, t> =x,, and Q< f(x,), t) = T(t). 
Using Q we now define an isotopy F : k-‘gk 2: g by 
F(x, t) = 
i 
Q(k-lgk(x), 2t), 0 G t G l/21 
g 0 Q(x,2-2t), 1/2<t<1. 
Note that F(x,, t> = Q(k-‘gk(x,), 2t)(g 0 Q<x,, 2 - 2t)) is homotopic to 7, 
and F(f(x,), t) = QW’gk(f(x,)), 2tXg 0 Q(f(x,), 2 - 2t)) is homotopic to 
g(T). Composing F and H we obtain an isotopy k-‘gk = g 2: f whose trace at x0 
- --I and f(x,> is 77 and g(r)7 respectively. Since both traces are homotopically 
trivial, it follows that k-lgk = f, relative to (x0, f(xJ}. 0 
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Proposition 3.2. Let F # S2 be a compact surface and suppose f and g are 
involutions which are isotopic. If F is a torus or a Klein bottle, assume there exists an 
isotopy H : f = g such that for a basepoint x0 not in fix(f) u fix(g), H(x,, t) = r(t), 
H(f(x,), t) = T’(t) and #g(r) is a contractible loop. Then f is strongly equivalent to 
g. 
Proof. If F is not a torus, Klein bottle, or projective plane, the result follows by 
Lemma 2.2.3 in [lo]. If F is a projective plane, then using the fact that the 
mapping class group of the projective plane is trivial, the result follows by Lemma 
1 in [lS]. If F is a torus or Klein bottle, then by Lemma 3.1 we may assume f ~g, 
relative to (x,, f(xo)}. We may assume f and g agree in an f-invariant regular 
neighborhood of (x0, f(xo)}. Let H be the surface obtained from F by deleting 
this neighborhood and let f0 and g, be the induced involutions on H. By Lemma 
2.2.3 in [lo], f0 is strongly equivalent to g,. The conjugating homeomorphism may 
be extended to F, proving the result. 0 
4. Moving incompressible surfaces 
In this section we wish to isotope an incompressible surface to be equivariant 
with respect to an involution. We will need the following generalization of Lemma 
4.1 in [23] to irreducible manifolds which may contain 2-sided projective planes. 
Lemma 4.1. Let M be a compact irreducible 3-manifold which may contain 2-sided 
projective planes and has the property that every 2-sided projective plane is boundary 
parallel. Let F and G be two properly embedded 2-sided incompressible surfaces in M 
such that either F n G = (d and aF = aG = #, or F f~ G is nonempty and consists of 
mutually disjoint simple closed curves, with transversal intersection at any curve 
which is not in aF. Assume there exists a surface H and a map f : H X I + M such 
that f 1 cHX~j is a covering map onto F and either (a) f(a( H X Z) - (H X 0)) C G 
and CIF c aF f’ aG, or (b) f<a( H X Z) - (H x 0)) n G = @. Then there exists a 
surface fi and an embedding k : f? x I +M such that k(H x 0) = $ c F, 
k(a(HxZ)-(HxO))=GcG, FnG=aF, and either GnF=aG or both F 
and G are disks. 
The image k(fi X I) is called a product region between F and G. 
Proof. If M is orientable, then this is just Lemma 4.1 in [23], or Proposition 5.4 in 
[24] for the case F n G = (d and aF = aG = @. Therefore assume that M is 
nonorientable. Suppose F n G contains a contractible curve (Y. By the incompress- 
ibility of both F and G in M, a bounds a disk D, c F and a bounds a disk 
D, c G. We may assume that D, is innermost. Since M is irreducible, the sphere 
D, u D, bounds a 3-cell in M. Thus in this case we obtain a product region 
38 J. Kalliongis / Topology and its Applications 59 (1994) 25-57 
between F and G. If either F or G is a 2-sided projective plane, then since any 
curve in F f~ G is 2-sided, that curve must be contractible. So we may assume that 
F and G are not disks or 2-sided projective planes, and that F n G contains no 
contractible simple closed curves. Note also that since F and G are 2-sided 
incompressible surfaces not homeomorphic to disks or projective planes, it follows 
that aF and aG do not meet any projective plane boundary components. 
Let 0 be the orbifold obtained from It4 by coning each projective plane 
boundary component, and let p : A.? -+ 0 be the orientable double cover of 0 with 
covering translation 7. Note that if A4 is P*-irreducible, then 0 = M and r is fixed 
point free; otherwise 7 has isolated fixed points. Since M is irreducible and every 
projective plane is boundary parallel, it is not hard to see, using results in [13], that 
k is irreducible. Lift F to a component F^ in k. Let pi : f? X Z -+ H X Z be the 
covering corresponding to (f I 
n 
~HXO~);l(pI p),(r,(F)). Then there exists a map 
f^: 6 x Z + 6 with fiZ? x 0) cF^ such that Pf^= fpl. It follows that {I (~~0) is a 
covering map onto p. Lift G to a component 6 in $ such that either 
&(tiXZ) - (Z?XO)>CG, or fia(IjxZ)-(fixO))nG=@. We now apply 
Lemma 4.1 in [23] or Proposition 5.4 in [24] to obtain a product region between g 
and G. If F = g U T(F) and I!? = 6 U d6), then there exists a product region P 
between F and ??. We may assume that P is innermost, that is that it does not 
contain another product region between F and G. Note that F and G are 2-sided 
incompressible surfaces in A?, which are invariant with respect to the covering 
translation T, do not meet fix(T), and no component is homeomorphic to S*. In 
addition, since both F and G are 2-sided, it follows that if r leaves either $ or G 
invariant, then it does not reverse the sides. There are several cases to consider. 
Case 1: r(int(P)) n int(P) = @. Since T does not reverse the sides of F^ or 6, it 
follows that T(P) n P = 6. This implies that p I p : P -+p(P> is a homeomorphism 
into M, and hence p(P) is a product region between F and G in M. 
Case 2: T(int(P>> n int(P) # 6 but T(P) #P. We will show by our choice of P 
that this case cannot happen. Let ?lP = F, U G, with F, CF and G, C ??. Then it 
follows that either ?? n F, # fl or F n G, f @. Assume c n F, f @. (The argument 
for F n G, # (d is similar.) If some component of G n P is incompressible in P, 
then by Corollary 3.2 in [24], there would exist a product region in P. However this 
is impossible since P was chosen to be innermost. Therefore every component of 
?? n P is compressible in P. By Dehn’s lemma there exists a disk D in the interior 
of P with 3D c f? and not bounding a disk in ?? n P. Since ?? is incompressible, 
3D bounds a disk A in I?$ with A n aP # @. This implies that there exists a simple 
closed curve in F n ?? which is contractible in G, and therefore in F as well. Since 
no component of F and G is a 2-sphere or meets fix(T), this simple closed curve is 
not left invariant by 7. This implies that there is a contractible simple closed curve 
in F n G. But by our assumption there are no contractible simple closed curves in 
F n G. Hence this case cannot happen. 
Case 3: T(P) = P. By Theorem A in [12], there exists a product structure for P, 
J X Z such that 7 ) p = C#I X y where 4 and y are involutions of .Z and Z respectively. 
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Since r(g) = p and r(G) = G in this case, it follows that y = id. Furthermore, 
since either fix(T) = @, or dim(fix(T)) = 0, it follows that fix(r) n P = @, and hence 
7 I p is fixed point free. Therefore p I p : P -+p( P) is a two-sheeted covering map 
into M. Furthermore since y = id, it follows that p(P) is a product region between 
F and G. This completes the proof of the lemma. 0 
Theorem 4.2. Let M be a compact irreducible 3-manifold which may contain 2-sided 
projective planes and has the property that every 2-sided projectiue plane is boundary 
parallel. Suppose h is an involution of M and let F be a properly embedded 2-sided 
incompressible surface such that either h(aF> = aF, or h(aF) n aF = @. If F is not a 
disk and aF z (d, assume that aM is incompressible. Suppose there exists a homotopy 
of 44, constant on C where C = # or C = aM, which carries h(F) to either F or a 
surface G properly embedded in M and disjoint from F. Then there exists a 
homeomorphism k of M, isotopic to the identity relative to C, such that k(F) is an 
h-equivariant surface. 
Proof. Since aF is (h ) aM)-equivariant, it follows that each component of aF is 
either disjoint from fix(h), or is contained in fix(h). Following [23] we move F into 
h-general position relative to B where B = 6 or B = aF and h(B) = B by the 
following procedure. Using only isotopies which are constant on B we move F into 
general position with respect to fix(h), then using isotopies constant on fix(h) U B 
we move F - fix(h) into general position with respect to h(F) - fix(h). The proof 
is now identical to the proof of Theorem 4.2 in [23] which is based on the proof of 
Theorem 1 in [22], and uses the above Lemma 4.1. 0 
5. Isotopic involutions 
In [6], Jaco gave some examples of compact irreducible 3-manifolds containing 
2-sided projective planes having the following properties: N is compact irreducible 
and has a distinguished boundary component F # P2 or S2 such that Z-~(F) has 
index two in m,(N), XV - F is nonempty and consists entirely of projective planes, 
and there is a double cover of N that is homeomorphic to F X I with the interior 
of a finite number of 3-cells removed. We call such a manifold a Jaco manifold. 
Note that if N is a Jaco manifold then XV is incompressible. 
Lemma 5.1. Let N # S2 x I be either a boundary incompressible I-bundle, or a Jaco 
manifold, and let g be an involution of N. Then there exists an involution rg of N 
whose fixed point set is a surface, which induces the identity outer automorphism on 
the fundamental group and commutes with g. 
Proof. If M = P2 X I, then the lemma follows by the results in Section 1, and so we 
assume M # P2 X I. Suppose N is a Jaco manifold. The proof in the I-bundle case 
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is similar. Let N’ be the double cover F XI of N with the interior of a finite 
number of 3-cells removed, and let r denote the covering translation. Now g lifts 
to an involution which we denote by g’. Extend both r and g’ to a Z, @ H,-action 
on all of F X I and denote these extensions by 6 and g respectively. By Meeks and 
Scott [17] we may assume that 2 = g, x g, and e = or X r2 where g, and pi are 
involutions of F and g, and TV are standard involutions of I. Define an involution 
Pg : F Xl + F Xl by $<x, t) = (x, -t). Now Pg induces an involution ?g on N’ 
which commutes with both r and 2. Hence ?@ projects to an involution rg : N + N 
which commutes with g. Note that if F’ is the punctured surface F X {l/2}, then 
F’ projects to a surface G in N with the property that any loop in N based in G 
can be deformed into G. Since rg I G = id, it follows that rg induces the identity 
outer automorphism on the fundamental group. 0 
Remark 5.2. (a> The above argument shows that every Jaco manifold N admits an 
involution Tid whose fixed point set is a l-sided incompressible surface, such that if 
N is any finite sheeted covering space of N, then there exists an involution r of N 
with fix(r) # @ inducing the identity outer automorphism on the fundamental 
group of N. Furthermore, if N is orientable then r is orientation reversing. 
(b) If g leaves a projective plane boundary component P invariant and grs # id, 
then rg I p leaves each component of fix(g ) p) invariant and reverses the orienta- 
tion of the one-dimensional component. This follows since rg and g commute, 
fix(g I p> # fix(r, I p), and the one-dimensional component of fix(g I p> intersects 
the one-dimensional component of fix(rg I p). 
The following proposition is a slight generalization of Lemma 3.1.3 in [lo] to 
manifolds which have compressible boundary. The proof of Lemma 3.1.3 in [lo] is 
essentially the observation that Theorem 4.3 in [l] can be adapted to the case of 
orientation reversing involutions. 
Proposition 5.3. Let N be a compact orientable irreducible 3-manifold and let a, N be 
a subcollection of the components of aN. Suppose r is an involution of N such that N 
has a r-hierarchy and let f : N + N be a homeomorphism which commutes with r 
and is isotopic to the identity, relative to 8, N. Zf N is a solid torus, fix(r) = #, and T 
is orientation reversing, assume that f I aN = id. Then f is T-equivariantly isotopic to 
the identity, relative to a,N, if and only if the induced homeomorphism f on N/r 
induces the identity outer automorphism on the orbifold fundamental group 
@Orb( N/T). 
Proof. If N has incompressible boundary and a,N = @, then the result follows by 
Lemma 3.1.3 in [lo]. The proof of this lemma also shows the case +,N # @. Assume 
therefore that GIN has compressible boundary components. The proof will be by 
induction on the number of disks in a complete system of compressing disks used 
to decompose N into a manifold with incompressible boundary. Let F be a 
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compressible boundary component of N. We first show that f I ,C is r-equivariantly 
isotopic to the identity. 
Suppose that r(F) n F = @. Let U(F) be a regular neighborhood of F so that 
T(U(F)) n U(F) = @. Define an isotopy f, as follows: Since f is isotopic to the 
identity, let f, be an isotopy with support in U(F) such that f,, =f and fi 1 F = id. 
Extend f, to 7(U(F)) by (7 0 f, 0 7)I s(v(~)), and then extend f, to all of N by the 
identity. This isotopy is r-equivariant by construction and f, 1 (Fu7(F)) = id. 
We now assume that -r(F) = F. If F is not a torus (note that it cannot be a 
Klein bottle since N is orientable), it follows by Proposition 2.1.1 in [lo] that f 1 F 
is r-equivariantly isotopic to the identity. Assume F is a torus, and therefore since 
F is compressible and N is irreducible, it follows that N is a solid torus with 
aN = F. If fix(r) = fl and 7 is orientation reversing, then by assumption f 1 F = id, 
and so we may exclude this case. For the remaining cases it follows by [lo] that 
there are eight possible quotient types N/r. These are listed in [ll] along with 
their orbifold fundamental groups and are denoted by (AO, l), (AO, 2) (A2, l), 
(A3, l), (BO, l), (B3, l), (B4, l), (B5, 1). Now f must leave each component of 
fix(T) invariant, for otherwise the induced homeomorphism f on N/r would not 
induce the identity outer automorphism on the orbifold fundamental group. By 
Proposition 2.1.1 in [lo], f I F is T-equivariantly isotopic to the identity. 
By the above we may assume that f restricted to F is the identity. It follows by 
[13] that there exists a r-equivariant compressing disk D, with aD c F. The 
methods used in the proof of Proposition 7.5 in [l] can now be used to T-equiv- 
ariantly isotope f, relative to aN, so that f I DuTcDj = id. We briefly outline the 
argument. We may assume that f(D) is transverse to D. If f(D) meets D in its 
interior, then there exist disks A, and A, such that A, c D with ad, c D n f(D), 
A, cf(D) is innermost, and A, n A, = ad, = ad,. By irreducibility of N the sphere 
A, u A, bounds a ball P. It follows that either T(P) = P, or T(P) n P = @. We now 
T-equivariantly isotope f to eliminate the intersection ad,. Eliminating all intersec- 
tions in the interior of D, we now r-equivariantly isotope f so that f(D) = D, then 
using Proposition 2.1.1 in [lo] we further isotope f so that f I D = id. Similarly we 
obtain f I Tcoj = id. It is not hard to see that f is isotopic to the identity, relative to 
a, N U (F U D U T(D)). We now split N along D U T(D) and denote this manifold 
by N,. Denote the maps induced by 7 and f on N, by 7, and f 1 respectively. The 
result now follows by the induction hypotheses applied to N,, r,, and f,. •I 
Remark 5.4. In Proposition 5.3, the assumption that f I aN = id when N is a solid 
torus, fix(r) = (d, and T is orientation reversing, is necessary. For in this case the 
quotient is a solid Klein bottle and a nontrivial Dehn twist f on N/T would lift to 
a homeomorphism f consisting of two Dehn twists on N which isotopically cancel 
each other. 
Proposition 5.5. Let A4 be a compact irreducible sufficiently large 3-manifold which 
may contain 2-sided projective planes and has the property that every 2-sided 
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projective plane is boundary parallel. Suppose h is a homeomorphism of M inducing 
the identity outer automorphism on the fundamental group. If aM is compressible, 
assume that h ( a~ = id. Then either, h is isotopic to the identity, or M is either an 
I-bundle or a Jaco manifold and h is isotopic to rid. 
Proof. If aM contains compressible boundary components, then using the irre- 
ducibility of M we may isotope h to restrict to the identity on a complete system of 
compressing disks. Splitting M along these disks and restricting h to each compo- 
nent, we may assume aM is incompressible. 
If M is P*-irreducible, then the result follows by 131. Assume therefore that M 
contains 2-sided projective planes. Let 0 be the orbifold obtained from M by 
coning each projective plane boundary component and let h, and F, if M is a Jaco 
manifold, be the extension of h and rid respectively to 0. By Proposition 4.2.2 in 
[lo], the inclusion of the mapping class group of M into the mapping class group of 
0 induced by coning is an isomorphism. Therefore it suffices to show that ?z or 
rid 0 h is isotopic to the identity. Let G be the orientable double cover of 0 with 
covering translation 7. There exists a lift f of h to G so that f induces the identity 
outer automorphism on the fundamental group of fi. If M is a Jaco manifold it 
follows by Remark 5.2(a) that there exists a lift r of F, so that r induces the 
identity outer automorphism on the fundamental group of fi and is orientation 
reversing. Note that f and r commute with the covering translation T. Since M is 
sufficiently large with incompressible boundary and every projective plane is 
boundary parallel, it follows that A? is an irreducible sufficiently large 3-manifold 
with incompressible boundary. By [241 either f or f 0 r is isotopic to the identity. 
By Proposition 5.3 we may assume that the isotopy is r-equivariant, and this 
implies the result. 0 
Remark 5.6. If g is an involution of a Jaco manifold M or an I-bundle, and rg is 
the associated involution given in Lemma 5.1, then rg is isotopic to rid. 
Corollary 5.7. Let M be a compact irreducible sufficiently large 3-manifold which 
may contain 2-sided projective planes and has the property that every 2-sided 
projective plane is boundary parallel. Suppose h is a homeomolphism of M inducing 
the identity outer automorphism on the fundamental group such that h I aM = id. Then 
h is isotopic to d, 0 d, 0 r, relative to 8M, where d, and d, are homeomorphisms 
with support in collar neighborhoods of incompressible tori and Klein bottle boundary 
components respectively, and r is a composition of rotations about projective plane 
boundary components. 
Proof. Suppose aM contains a compressible Klein bottle boundary component K 
such that the compressing disk separates. Therefore M contains 2-sided projective 
planes, and by Proposition 2.1, M = V. Using the irreducibility of M we isotope h 
to be the identity on this compressing disk, then we split M along this disk and 
J. Kalliongis / Topology and its Applications 59 (1994) 25-57 43 
apply Lemma 4.1.1 in [lo] to complete the proof in this case. If M is a solid torus 
or a solid Klein bottle, the result follows as above. Therefore we may assume every 
torus or Klein bottle boundary component is incompressible. By Proposition 5.5, h 
is isotopic to the identity. As in [7], by looking at the trace of this isotopy for a 
basepoint on each boundary component, we construct d,, d,, and r so that the 
traces of the isotopy Cd, 0 d, 0 r)-’ 0 h 2 id are homotopically trivial. This im- 
plies that we may adjust the isotopy to be relative to &V, proving the result. 0 
Lemma 5.8. Let M be a compact irreducible 3-manifold containing 2-sided 
projective planes and not homotopy equivalent to either P2 x I or P2 x S’. Then 
Center (7r,(M)) is trivial. 
Proof. Since A4 is nonorientable and not homotopy equivalent to P2 X I, it follows 
by [2] that r,(M) is infinite. Therefore the orientable double cover R of M has 
infinite fundamental group. If R is a nontrivial connected sum, then there exists 
an element of infinite order in r,(R). If G is homotopy equivalent to a prime 
3-manifold, then by Corollary 9.9 in [21], xi(Q) is torsion free. This implies that 
rr,(M) contains an element of infinite order. 
Let z be a nontrivial element in the center of r,(M). If z has finite order then 
z commutes with an element of infinite order. Hence by Corollary 4.2 in [21], M is 
a homotopy P2 X S’, giving a contradiction. If z has infinite order, then since A4 
contains 2-sided projective planes, z commutes with an element of order two. 
Again applying Corollary 4.2 in [21] gives a contradiction. q 
Proposition 5.9. Let M be a compact irreducible 3-manifold such that every 2-sided 
projective plane in M is boundary parallel. Let h be a homeomorphism of M such that 
h is isotopic to the identity relative to aM, and suppose F is a properly embedded 
2-sided incompressible surface such that h(F) = F. Then either there exists an isotopy 
K : h F id (rel aM) such that K,(F) = F for all t, or F is closed and M is an S1-bundle 
over F. If h 1 F = id, then there exists an isotopy K : h = id (rel aM> with K,(F) = F 
for all t, and if F is not a torus, projective plane, or Klein bottle, then K, 1 F = id. 
Proof. If F = P2, then the result follows by the proof of Proposition 4.1.2 in [lo]. 
Assume therefore that F # P2. Suppose first that aF # @. Since F is a 2-sided 
properly embedded incompressible surface and h = id relative to aM, it follows 
that we may isotope h, relative to aM and leaving F invariant, such that h I F = id. 
Let U’ be a regular neighborhood of aM U F and let N be the (not necessarily 
connected) manifold obtained from M by splitting M along F. Let F,, i = 0,l be 
the two copies of F in N. Denote by U the induced regular neighborhood 
contained in N of aN. The homeomorphism h induces a homeomorphism g on N 
which induces the identity outer automorphism on the fundamental group of N. 
Therefore by Corollary 5.7, g is isotopic to d, 0 k, 0 r = t, relative to aN. We may 
assume t has support in U and view t as a homeomorphism of M also. Since 
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id = h = t relative to M4, it follows that t support only a regular 
hood containing Note that boundary of of these is 
either torus or Klein bottle. G be boundary component N containing 
Fi. 
Let E F aM. Assume F does separate M therefore N is 
connected. (Y is element of x), then g = t relative to it 
follows that = &x6-‘, and since id this is equal (Y. 
u F. If N is not 
P2-irreducible, then by Lemma 5.8, Center(r,(M)) is trivial, implying that 6 is 
contractible. This implies that t = id relative to aN, proving the result in this case 
also. If F separates, then a similar argument is used on each component of N. 
Suppose that F is closed and let x0 E F. We may assume h(x,) =x0. If 
K : id = h is an isotopy then let y be the trace at x0. If y can be deformed into F, 
then it follows that h may be isotoped leaving F invariant so that h I F = id and h 
induces the identity automorphism on the fundamental group of M. The proof in 
this case is similar to the above, and so we suppose y is not homotopic to a loop in 
F. Suppose first that M is P2-irreducible. It follows by the proof of case 2 on p. 
344 and the proof of Lemma 7.7 in [23], that either K I FXI can be deformed into 
F, or M is an S’-bundle over F. In [23] the manifold was orientable, however the 
proof holds in the nonorientable case as well, since the results used there are true 
for P2-irreducible manifolds also. We now suppose that M contains 2-sided 
projective planes and show that this leads to a contradiction. Let p : A? -+ M be the 
orientable double cover of M with covering translation r. Note that k is a 
punctured Haken manifold with T leaving each sphere boundary component 
invariant. Lifting the isotopy K we obtain an isotopy i : id y h. Let F be a lift of 
F and f, a lift of x,,. Fill in the 2-sphere boundary components to obtain a Haken 
manifold A. Extend the isotopy i to obtain an isotopy J? : id 2: fi. This may be 
done so that i(y,, t) =yo for a point y, in a 3-ball used to obtain k. Extend r to 
4 and note that fix(?) # @. In addition if 7 is the trace of i starting at iO, then 3 
cannot be deformed into F’, relative to a+. We consider two cases. 
Case 1: @$I #F. Since F’ is isotopic to h(F), it follows by Proposition 5.4 in 
[24] that F u&(F) bounds a product P = $ x I. Note that L leaves p-‘(F) 
invariant since h(F) = F. If I%(P) = P, then we may isotope h to a homeomorphism 
leaving F^ invariant and exchanging the sides of p. But this is impossible by 
Lemma 7.4 of [241. If I%(P) #P, then & has no fixed points, which again gives a 
contradiction since &y,) = yO_ 
Case 2: fi<F;> = F. By the above I%? is an S’-bundle over Q and 7 cannot be 
deformed into F:, relative to a3. In addition, by Lemma 7.4 in 1241, fi cannot 
exchange the sides of #. Let LY be a path from iO to yO intersecting i only at iO. 
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Since k : id I 6, relative to {y,}, it follows that T y ~yi(Ly) which is homotopic into 
F, giving a contradiction. 
If h I F = id, then the proof of the second part of the proposition follows from 
the fact that if K,(F) = F and F is not a torus or Klein bottle, then the isotopy 
may be adjusted to be the identity on F; if M is an S’-bundle over F, then 
splitting M along F and considering the induced homeomorphism on F X I, the 
proof will follow as above. This completes the proof of the proposition. q 
Remark 5.10. Let M be a compact 3-manifold and let f and g be two involutions 
of M. Suppose F # S2 or P* is a closed f-equivariant surface in M such that 
f ) F = g I F. Assume there exists an isotopy H: f-g leaving F Uf(F) invariant. 
Choose a basepoint x0 in F such that if fix(f) n F # fl then x0 E fix(f). Let 
r(t) = H,(x,) and I’ = H,(f(x,)). S ince f and g agree on F, it follows that r 
and r’ represent elements in Center(ri(f(F))) and Center(r,(F)) respectively, 
and 7 is freely homotopic to T’ if f(F) = F. Define isotopies J, = H, 0 f and 
G,=g 0 H,, andnote that J:id=f2=gf with trace J(x,, t>=~‘(t)and G:gf-id 
with trace G(x,, t) =g(~) =f(~). Composing these two isotopies we obtain an 
isotopy id = gf- id with trace at x0 equal to r’g(r). 
Lemma 5.11. If T’g(T) is a contractible loop, then there exists a homeomorphism k, 
isotopic to the identity and having support in an f-invariant regular neighborhood of 
F U f(F), and there exists an isotopy K : k-‘fk = g, relative to F U f( F), which 
agrees with H on aM - (F U f(F)). 
Proof. If F is not a torus or a Klein bottle, then by 1201, ri( H(F)) = 1 where H(F) 
is the group of homeomorphisms of F. In this case we may deform the isotopy so 
that afterwards f = g relative to F. If F is a torus or a Klein bottle, then by [20] 
T,(H(F)) e Center(r,(F)) by sending the isotopy to the element represented by 
the trace. If T is contractible, then we may adjust the isotopy f = g to be relative to 
F. Therefore if f is not isotopic to g relative to F, then F is either a torus or a 
Klein bottle, and T is not contractible. Our goal will be to conjugate f so that 
afterwards the trace T and the trace T' if f(F) # F will be homotopically trivial. 
This is sufficient to prove the result. 
Let zi and z2 be points in F u f(F), which may not be distinct, such that f 
leaves the set {z,, z2} invariant. If {z,, z2) c fix(f) and zi # z2 let 5 be any path in 
F from z, to z2. In the other cases let S be any loop based at zi. Define an 
isotopy K : id = k with support in an f-invariant regular neighborhood of F u f( F), 
so that K(z,, t> = (‘(t>. If zr fz2 and {z,, zJ cfix(f >, we require K to have the 
additional property K(z2 x 1) = f(s) w h ere &t> = i(l - t). If z, fz, and f(zl) = 
z2 then we require K(z2, t) = z2. Now define an isotopy Q: k-‘fk = f by 
Q(x’ t’ = i 
K(k-‘fk(x), 2t), 0 <t < l/2, 
f 0 K(x, 2-2t), 1/2<t< 1. 
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The trace Q<z,, t) = K(k-‘fk(z,), 2t)(f 0 K(z,, 2 - 2t)) is equal to lf(c> if 
either zi = z2 or zi # z2 and {z,, ZJ c fix(f); otherwise the trace at zi is f(f) and 
the trace at z2 is t. Depending on f I F, we will choose a specific l so that the 
trace will be homotopic to 7. The homeomorphism k will have the property that 
k I F will commute with f I F. In some cases k I F = id. 
We consider first the case when f(F) = F. 
Suppose F is a torus. By 1141, F may be parametrized as S’ x S’ such that f 1 F 
is one of the following six nonequivalent involutions: g,(x, y> = (x, y), g,(x, y) = 
C-4 Y>, g,(x, Y> ‘C-X, 9, g&x, Y> =(% 9, g,(x, y)=(x, Y), g&x, y)= 
( y, xl. We may exclude the case f I F = g,. If f I F = g,, then since g, = id we have 
the contractible loop #g(r) freely homotopic to r*. This implies that T is a 
contractible loop in this case. Let 1 and m be the oriented longitude and 
meridional curves l(t) = (s,,, t) and m(t) = (t, f,,> respectively generating r,(S’ x 
S1, x0) where (so, to) =x0. Suppose f I F = g,. Note that in this case g3(1) is freely 
homotopic to i and g,(m) is freely homotopic to m. Since T’ is freely homotopic to 
T and T'~(T> is contractible, it follows that both T' and T are freely homotopic to 
some power of 1, say 1”. By choosing 5 = in, z1 =x0, z2 =f(x,>, and k I F = id in 
the above isotopy, we obtain an isotopy k-‘j7z -f-g whose trace at x0 is 
f(ln)T'= ?'T', and is therefore contractible. If f I F = g,, then since g, = g, it 
follows that T is homotopic to 1” for some n. Write 1 as a product of paths l,l,, 
having the following properties: ~31, = al, = 1, n I,, al, c fix(g,), and g,(l,) = i,. If n 
is even let % = ln/*, and let z1 = z2 =x0. If n is odd with 2k + 1 = n let 5 = ikil 
and let (zl =x0, z2} c al,. Again we have an isotopy id e k with trace t and 
k I F = id if n is even and k I F commuting with g, if IZ is odd. The trace of the 
isotopy k-‘fk = f = g when n is even is ln/*f(ln/*)T = i”l”, and when n is odd the 
trace is ikiI f(ilik)T = ikili,ikln - inin. In both cases the trace is contractible. If 
f I +- = g,, then every element of rl(S1 x S’) is inverted and the proof is similar to 
the preceding case, although two isotopies may be needed, one to eliminate the 
longitude generator and one to eliminate the meridional generator. When f I F = g,, 
then it follows that 7 is homotopic to i”m”. In this case we take J to be E” and 
observe that [f(i) = E”fhz”> = Ei”l”, which is homotopic to ?, and the result 
follows as above. 
Suppose F is a Klein bottle. View the Klein bottle F as the set of equivalence 
classes {[Tz]: z E S’, l/2 < I < 2, 2z N - 2z, (1/2)z N (- 1/2)z}. We may assume 
by Lemma 2 in [18] that f I F = hi, i = 1,. . . , 5 where hi is defined as follows: 
(1) h,([rz]) = [ -rz], fix(h,) = s’ u sl. 
(2) h,([rzI) = [El, fix&) = s’ u so. 
(3) h,([rzI) = [0/2)rzl, fix&) = sl. 
(4) h4([rz]) = [(1/2)rZ], fix(h,) = so. 
(5) h,(bzl) = I(- 1/2)rzl, fwz,) = pr. 
We briefly outline the proof, which is similar to the torus case. If f I F = h,, then 
let 1 be an oriented component of fix(h,) containing x0. Since l* generates the 
center, it follows that TIz~(T) - T2 is contractible, which implies T is contractible. If 
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f I F=h3, then fix&) generates the center, and again we have r contractible. 
Since h, is isotopic to h,, it follows that T is contractible in this case also. Now 
suppose f I F = h,. Choose an h,-invariant loop I, such that h,(l) = i and 1’ 
generates the center. The proof in this case is similar to the g, case above by 
letting I= in if 7 -i2”. If f I F = h,, we choose an arc 1 joining the two fixed 
points of h, so that lb,(i) generates the center. This case is similar to the g, case 
above. 
We now consider the case where f(F) n F = @. In this case we define the 
isotopy to have support in a small regular neighborhood of f(F) where k restricts 
to the identity on fuf<F> and the trace 5 = 7’. Then the isotopy k-‘fk =f =g 
will have contractible traces at the points x0 and f(x,J This completes the proof. 
0 
Proposition 5.12. Let M be a compact irreducible sufficiently large 3-manifold and 
let f and g be two inuolutions of M. Assume that M does not contain a copy of V with 
a,(V) c CIM. Suppose F is an f-equivariant 2-sided projective plane in M such that 
f I r = g I r, and if f(F) n F = #, then f< F 1 is not parallel to F. Assume there exists 
an isotopy H : f = g leaving F u f(F) invariant. Then there exists a homeomorphism k 
isotopic to the identity and having support in an f-invariant regular neighborhood of 
F u f(F), and there exists an isotopy K : k- ‘fk = g relative to F U f( F) which agrees 
with H on C+M - (F U f(F)). 
Proof. If H(F) is the group of homeomorphisms of F, then by [2Ol, r,( H( F)) = L,, 
generated by the map J : F X Z + F defined by .Z([reiBl,t) = [reia’+2”‘)]. We may 
assume the isotopy g 0 H : id = id when restricted to some component of F U f(F), 
represents the nontrivial element r,(H(F)). For otherwise using the isotopy 
extension theorem we may deform the isotopy H to be relative to F U f(F). 
Suppose f(F) = F. We may assume by [183 that f([re”l> = [re-“]. There exists 
an isotopy K : id = k where k([re”l) = IreiCe+“) ] with support in a collar neighbor- 
hood of F such that for ire”] in F, K([re”], t> = [re’(‘+“‘)]. 
Note that kfk’IF=f I F, and as in Section 1 we have kfk-’ = fkP2. Now there 
exists an isotopy Q : fV2 = f such that of f 0 Q : jle2 = id when restricted to F 
represents the nontrivial element of r,(H(F)). This implies that there exists an 
isotopy Z : kf7-’ = g such that g 0 Z : kfk-’ = id represents the trivial element, 
and the proof is complete in this case. 
We now assume f(F) n F = @. Let 17, be a regular neighborhood of F = P, and 
let U, = f(U,> be a regular neighborhood of f(F) = P,. Suppose the isotopy g 0 H 
restricted to both P, and P, represents the nontrivial element. Define an isotopy 
R, : id 2: pa having support in U, such that the isotopy restricted to PO represents 
the nontrivial element, and if PO is a boundary component then p. is a nontrivial 
rotation about P,,, otherwise p0 restricted to the closure of each component of 
U, -PO is a nontrivial rotation. Observe that p;‘fp,, = fpr’p, where p, has 
support in U, and is the same type of homeomorphism as pO. Since there exists an 
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isotopy p,-‘p, = id which when restricted to each Pi represents the nontrivial 
element, the proof is completed as above. 
The proof will be complete if we show that the isotopy g 0 H restricted to P,, 
represents the nontrivial element if and only if it represents the nontrivial element 
when restricted to P,. Suppose for contradiction g 0 H restricted to PO represents 
the nontrivial element but g 0 H restricted to P, represents the trivial element. 
An analogous argument is used in the other case also. This implies that there exists 
an isotopy f - gp, relative to PO U P, where p0 is defined as above. We now 
construct the following sequence of isotopies: id = f ” = fgpa = gp,gp, = g2p,p,, 
relative to PO UP,. Therefore pip0 is isotopic to the identity relative to PO UP,. If 
Pi is a not a boundary component split M along Pi. We obtain a component N 
containing a copy of Pi for i = 0,l in &V and two nontrivial rotations which we 
denote again by pi about Pi. In addition, pip2 is isotopic to the identity, relative to 
PO u P,. It follows by the proof of Corollary 4.2.1 in I101 that N is sufficiently large. 
By Proposition 2.10, VcN with a,(V) c aN, implying that VCM with ?l,(I’> c CM 
giving a contradiction. q 
Theorem 5.13. Let M be a compact irreducible 3-manifold such that M does not 
contain a copy of V with a,( VI c dA4, and if M is P2-irreducible then Center(r,(M)) 
is trivial. Let g and f be isotopic involutions of M. Then there exists a homeomor- 
phism k, isotopic to the identity, such that k-‘gk 1 aM = f 1 aM. 
Proof. Let F be a boundary component of M. Note that M is not a solid torus and 
therefore F cannot be a compressible torus boundary component. Similarly if M 
does not contain projective planes, then F is not a compressible Klein bottle. Let 
P be a maximal collection of projective planes and let MO be the component of the 
closure of M-P containing F. If F is a compressible Klein bottle, then by 
Proposition 2.1, M,, = V, contradicting the assumption that I/ is not contained in 
M. Therefore if F is a torus or Klein bottle, then F must be incompressible. 
Since f is isotopic to g, it follows that f(F) =g(F). If f(F) tl F = @, define a 
homeomorphism k, isotopic to the identity on M as follows: k I F = fg, and 
kl R(F) = id, since fg r id we may extend k in a small neighborhood of F U f(F) to 
all of M. In this case (k- ‘fi) 1 F = g 1 F. Now suppose f(F) = F. If F is a projective 
plane, then by Lemma 1 in [HI, f I F is equivalent to g I F, and since the mapping 
class group of the projective plane is trivial, the result follows in this case. If F is 
not a torus or Klein bottle then by Proposition 3.2, f I F is strongly equivalent to 
g IF, and the proof follows as above. 
Suppose now that F is either a torus or a Klein bottle and let H: f = g be an 
isotopy. Choose a point x0 not in fix(f) U fix(g) and let H(x,, t> = T(t) and 
H(f(x,), t) = T’(t). As in Remark 5.10 we obtain an isotopy id - gf e id with trace 
r’g(r), representing an element of Center(ri(M)). Either by assumption or by 
Lemma 5.8, r’g(r) is a contractible loop in M, and therefore in F since F is 
incompressible. By Proposition 3.2, f I F is strongly equivalent to g I F. As above we 
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may construct the desired k. Applying the above procedure to every boundary 
component proves the result. q 
Theorem 5.14. Let M be a compact irreducible 3-manifold such that every 2-sided 
projective plane is boundary parallel. If M is P2-irreducible, assume that either 
Center(r,(M)) is trivial or aM # 6. Suppose f and g are two involutions which agree 
on the boundary and are isotopic relative to the boundary. Assume there exists a 
2-sided properly embedded f-equivariant incompressible surface F # P2, such that 
g(F) = f(F). Then th ere exists a homeomorphism k, isotopic to the identity relative to 
aM,suchthatk-‘fkIr=gIr. 
Proof. We may assume that M is nonorientable, for otherwise by [23] the 
involutions f and g are strongly equivalent relative to the boundary and the result 
follows. Suppose first that M is not an S’-bundle over F where F is closed. It 
follows by Proposition 5.9 that f 1 F = g I F, relative to aF. If f(F) n F = 0 define a 
homeomorphism k:F+F by klr=(f 1 g,F)Xg 1 F). Since k is isotopic to the 
identity, relative to aF, we may extend k to M so that k is the identity on aM and 
has support in a small neighborhood of F, disjoint from f(F). It follows that 
k-‘fkIFuf(F)=glFuf(F). We now assume that f(F) = F. By Proposition 5.9 there 
exists an isotopy K : f = g, relative to aM, such that K,(F) = F for all t. The proof 
in this case is similar to the proof of Theorem 5.12. 
Assume now that M is an S’-bundle over the closed surface F. The proof in 
this case is similar to that found on p. 346 in [23]. Subcase (a) in that paper is 
easier than our case since Center(ri(M)) is trivial. q 
6. Main results 
Theorem 6.1. Let M be a compact nonorientable irreducible 3-manifold in which 
every 2-sided projective plane is boundary parallel. If M is P2-irreducible assume 
either aM # 1, or Center(r r(M)) is trivial. Let g be an involution of M, and if 
M = P2 x I then assume that g does not exchange the boundary components. If f is an 
involution of M isotopic to g, relative to aM, then f is strongly equivalent to g, relative 
to aM. 
Proof. If M is P2-irreducible, then by Lemma 6.7 in 141, H,(M) is infinite, and 
therefore by Theorem 3.6 in [23], M has a g-hierarchy. If M contains 2-sided 
projective planes, then by Theorem 3.3 in [91, M has a g-hierarchy. The proof will 
be by induction on the length of a g-hierarchy. The theorem is true for 3-cells 
since these admit only the standard involutions. If M = P2 X I, then by Lemma 1 in 
[18] we may assume g and f agree with g, on the boundary (see Section 11. The 
result now follows by Theorem 1.4 and Remark 1.2. Assume M has a g-hierarchy 
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of length n and let F = F,,. Note that F + P2 and either g(F) = F, or g(F) n F = @. 
Since f is isotopic to g, relative to aM, it follows by Theorem 4.2 that there exists 
a homeomorphism k, isotopic to the identity relative to IBM, such that k(F) is 
f-equivariant. Therefore either k-‘fk(F) = F, or k-‘fk(F) I? F = @. Denote the 
improved involution k-lfk by f again. Our goal is to obtain f 1 F = g 1 F and f r g 
relative to aM U F U g(F). Observe that if aF # 6, then it follows that f(F) = g(F). 
Assume therefore that aF = @, g(F) nF = @, and f(F) = F. By Lemma 4.1, 
F U g(F) bounds a product F X I = X. If either aM # fl, or M contains 2-sided 
projective planes, it follows that g(X) =X. By Theorem A in [22], there exists a 
surface G in X parallel to F that is left invariant by g. This implies that we may 
further conjugate f, by a homeomorphism isotopic to the identity relative to aM, 
so that f(G) = G = g(G). We replace F by G in this case. Now suppose g(X) ZX, 
and therefore M =X u g(X) is an S’-bundle over F. We will show that this case 
cannot happen. As in Remark 5.10, we obtain an isotopy id = f2 = gf = g2 = id 
with trace #g(T). Since Center(rl(M)) is trivial, it follows that #g(T) is a 
contractible loop. However, T’g(7) has odd intersection number with F, which 
gives a contradiction. A similar argument can be used if f(F) n F = fl and 
g(F) = F. Therefore f(F) = g(F). By applying Theorem 5.14, we may assume 
f IF=glF. It f o 11 ows by Proposition 5.9, since f I F = g I F, that there exists an 
isotopy f e g, leaving Fug(F) invariant at each stage. If I~F # @, then the isotopy 
can be taken to be relative to aM u F U g(F). Suppose aF = Id and let x0 be a 
basepoint in F such that if fix(f) n F # fl then x0 E fix( f ). We obtain as in 
Remark 5.10 an isotopy id 2 gf = id in M relative to aM, leaving F invariant and 
having trace #g(T) at x,,. Since either aM # fl or by assumption of Lemma 5.8 
Center(rJM)) is trivial, it follows that T’g(T) is contractible. By Lemma 5.11 there 
exists a homeomorphism k, having support in an f-invariant regular neighborhood 
of F u f(F), such that k-‘fk = g, relative to aM u (F U g(F)). Denote the im- 
proved involution k-lfi by f again. We therefore have f = g, relative to aM U (F 
u g(F)). If either F u g(F) is nonseparating, or F u g(F) is separating and f, and 
therefore g, leaves each component of M-F u g(F) invariant, then the result 
follows by splitting M along F U g(F) and applying the induction hypotheses to 
the induced involutions. If Fug(F) separates M into M, and M, with both f 
and g exchanging the components, then define a homeomorphism k of M by 
setting k I M, = (f I ,Qg I M,) and k I M, = id. Note that k is isotopic to the 
identity, relative to aM, and k-‘fk = g. This proves the result. 0 
Corollary 6.2. Let M be a compact nonorientable irreducible 3-manifold in which 
every 2-sided projective plane is boundary parallel. If M is P2-irreducible assume 
Center(r,(M)) is trivial. Let g be an involution of M, and if M = P2 XI then assume 
that g does not exchange the boundary components. If f is an involution of M which 
agrees with g on aM and induces the same outer automorphism on rl(M), then f is 
strongly equivalent to g. 
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Proof. If M = P2 X I, then we may assume by [18] that both f and g agree with g, 
on aM, and the result follows by Theorem 1.4. If M = V, then the result follows by 
Theorem 2.6. We assume therefore that M f P2 X I or I/. As in the previous proof 
it follows that M is sufficiently large. If M is P2-irreducible, then since f I aM = g I aM 
it follows by [3] that f is isotopic to g. If M contains 2-sided projective planes, 
then by Proposition 5.5, f is isotopic to g. If ?lM = 6, then the result follows by 
Theorem 6.1, and so we may assume aM # fl and let F be a boundary component. 
We obtain an isotopy id = gf = id having trace #g(T) at a basepoint. Note that by 
assumption if M is P2-irreducible, or by Lemma 5.8 since M is not P2 x I or 
P2 X S’, Center(ri(M)) is trivial. Hence #g(T) is contractible. By either Lemma 
5.11 if F f P*, or by Proposition 5.12 if F = P2, there exists a homeomorphism k 
isotopic to the identity with support in an f-invariant regular neighborhood of 
F Uf(F), and there exists an isotopy k-‘fk = g, relative to F Uf(F) which agrees 
with the original isotopy f = g on aM - (F Uf(F)). Denote the improved involu- 
tion k-‘fk by f again. Applying the above argument to each boundary component, 
we may assume f= g, relative to IBM. The corollary now follows by Theorem 6.1. 
Corollary 6.3. Let M be a compact nonorientable irreducible 3manifold in which 
every 2-sided projective plane is boundary parallel. If M is P2-irreducible assume 
Center(r,(M)) is trivial. Suppose f and g are isotopic involutions of M. If M = P2 X I, 
assume that g does not exchange the boundary components, and if M = V and g 
exchanges the components of a,(V), assume f is isotopic to g, relative to a,(V). Then 
f is strongly equivalent to g. 
Proof. We may assume by Corollary 6.2 that M # P2 X I. Assume M = V. Suppose 
g, and therefore f, does not exchange the components of $(V). Since only the 
involutions h, and h, are isotopic (see Section 21, it follows by Theorem 2.6 that f 
is strongly equivalent to g. If g exchanges the boundary components, then by 
Proposition 2.11 there exists a homeomorphism k, isotopic to a rotation relative to 
13,(v), such that k-‘fk = g. Since a rotation is isotopic to the identity by an isotopy 
which moves the boundary, the result follows in this case. 
We may now assume M # V. Since every 2-sided projective plane is boundary 
parallel, it follows that V is not contained in M with a,(V) c aM. By Theorem 
5.13 we may assume f I aM = g I aM. The result now follows by Corollary 6.2. q 
Corollary 6.4. Let M f P2 x I be a compact nonorientable irreducible 3-manifold 
with incompressible boundary in which every 2-sided projective plane is boundary 
parallel. If M is P2-irreducible assume Center(r,(M)) is trivial. Let f and g be two 
involutions which induce the same outer automorphism rrl(M). Then either f is 
strongly equivalent to g, or M is either an I-bundle or a Jaco manifold and f is 
strongly equivalent to rsg. 
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Proof. As in the proof of Theorem 6.1, it follows that M is sufficiently large. By 
Proposition 5.5 and Remark 5.6, either f is isotopic to g, or M is either an 
Z-bundle or a Jaco manifold and f is isotopic to the involution r,g. The result now 
follows by Corollary 6.3. 0 
Recall from Section 1 that an involution of P2 X Z is standard if it equals either 
g,, fp, h,, or i,, and an associated pair of standard involutions is any of (gp, f,>, 
(fp, gp), (hr, i,), or (i,, h,). 
Corollary 6.5, Let M be a compact irreducible sufficiently large 3-manifold which 
contains 2-sided projective planes, but M + P2 X S’, and let f and g be two involu- 
tions of M which induce the same outer automorphism on al(M) and agree on aM. 
Then there exists a (possibly empty) collection U Pi of disjoint nonparallel 2-sided 
g-invariant projective planes, and g-invariant regular neighborhoods VCP,), and an 
involution fl strongly equivalent to f, satisfying the following. 
(1) fl agrees with g outside a g-invariant regular neighborhood U UPi) of U Pi, 
and is standard on each V(Pi>. 
(2) On each V( Pi>, g is strongly equivalent, relative to W(P,), to a standard 
involution gi, such that on V(P,> the (fI I I, gi) is an associated pair. 
(3) Zf g interchanges V(Pi) and V(P), f or some i # j, then there exists a nontrivial 
rotation pi about Pi such that fl and p, ‘gp, agree on HP,) U V<P,>. 
Proof. We may assume, by the results in Section 1, that M # P2 XI. By Theorem 
1.1 in [9], there exists a maximal collection of g-invariant projective planes. If the 
number is zero, then the result follows by Corrollary 6.2. Therefore assume M is a 
manifold with a nonempty g-invariant maximal collection P = lJ Pi of projective 
planes. By Corollary 2.2 in [9], we may assume g and f agree on this collection. 
Let V(P) be a g-invariant regular neighborhood of P. We may assume g and f 
agree on V(P). Let M,, . . . , M, denote the components of M - V(P). Since g and 
f induce the same outer automorphism on the fundamental group, it follows that 
g(Mi) = f(M,) and (fg> I M, induces the identity outer automorphism on r,(M,). 
We construct the homeomorphism k on M by first constructing it on each Mi. 
Consider the manifold M,, and suppose f(Mi) =g(M,) = Mi. By Corollary 6.2 
there exists a homeomorphism ki of M,, isotopic to the identity, such that 
k;‘(f I M,)kz = (g I M,). For all such M, let k 1 ,,,,, = ki. Now consider a pair M, and 
Mj such that f(M,) = Mj and i # j. Define k : (M, U M,) + (M, U Mj) by k 1 M, = 
(f I M Xg I M,) and k I ,,,,, = id. It follows by Corollary 5.7 that k I AJ, is isotopic to the 
identity. Now extend k to all of V(P) so that k y id, and let fI = k-‘fk. Note that 
f, I M-V(P) = g I M-V(P)’ For each V(Pj> with fl(V(Pi)> =g(V(P,>> = V(Pi>, we apply 
the results of Section 1 so that on V(P,), fI is standard, and on VCP,), g is strongly 
equivalent, relative to WCP,), to a standard involution gi on V(Pi>. If fI I v(P,) = 
g, I vcp,j, then we may modify k and discard the component V(P,> from our list. If 
fl<V(Pi>> = V(P) with i #j, then a similar argument as the one above enables us to 
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construct the rotation pi about Pi satisfying condition (3) of the corollary. If the 
rotation is trivial, then we may modify k and discard V(P,) and V(P,> from the list. 
Corollary 6.6. Let M be a compact irreducible sufficiently large 3-manifold contain- 
ing 2-sided projective planes, but M # P2 x S’, and let f and g be two isotopic 
involutions of M which agree on aM. If g does not exchange the sides of any 
g-invariant projective plane, and M does not contain a copy of V with a,(V) c aM, 
then f is strongly equivalent to g. 
Proof. Since f =g, f and g induce the same outer automorphism on T,(M). 
Therefore we may assume the conclusion of Corollary 6.5. Since g does not 
exchange the sides of any g-invariant projective plane, it follows that ( fl I v(p,),gi) 
= (gp,fp), or (f,, gr). Recall from Section 1 that (fr)(gr) is isotopic to a 
nontrivial rotation. Note also that if g(P,) = Pj # Pi, then pilgpi = pilpjg where 
pi is a rotation about Pj. Suppose that the collection of 2-sided projective planes in 
Corollary 6.5 is nonempty. Then we obtain a composition of nontrivial rotations 
about some subset of a maximal collection of projective planes, which is isotopic to 
the identity. By Proposition 2.10, M contains V with a,(V) C &W, giving a contra- 
diction. 0 
Corollary 6.7. Let M be a compact irreducible sufficiently large 3-manifold which 
contains 2-sided projective planes, but M # P2 x S’, and let g be an involution of M 
such that g does not exchange the sides of any g-invariant projective plane. If f is an 
involution of M isotopic to g, relative to aM, then f is strongly equivalent to g, relative 
to aM. 
Proof. Let P = U Pi be a g-invariant maximal collection of 2-sided projective 
planes. We may assume that f 1 V(P) = g I V(P) where V(P) is a g-invariant regular 
neighborhood of P. We may further assume that for any component V(P,> with 
g(V(P,)) = V(Pi>, that g I V(p,) = g, (see Section 1). By [lo] there exists an isotopy 
K: fg = id, relative to aM, so that K,(P,) = Pi. The proof is similar to that of 
Corollaries 6.5 and 6.6 once we show that f is strongly equivalent, relative to the 
boundary, to an involution which is isotopic to g, relative to aM u P. 
Write each neighborhood V(P,) of P, as V+(P,) u V_(Pi) where V,(P,> is 
homeomorphic to c. x I and V+(P) n V_(Pi) = P. Suppose K ( pi represents the 
generator of r,(Homeo(Pi)) 2: Z,. There are two cases to consider. 
Suppose g(V(P,)) = V(P,), and therefore g(V,(P,)) = V,(Pi). Since K I p, repre- 
sents the generator, it follows that fg l v,c~,) r p; I v,cp,), relative to aV,(P,), where pi” 
is a nontrivial rotation with support in V,( Pi). Note that pi = p’p; -- id, relative to 
M - aV( Pi). We now use the results of Section 1 to conjugate f by a homeomor- 
phism k which is isotopic to the identity relative to M - aV( Pi) such that 
g = kjk-’ relative to aM u Pi. The definition of k can be found after Remark 1.1. 
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Now suppose g(Pi) = Pi for j # i. We claim that K I p, represents a nontrivial 
element if and only if K I p, represents a nontrivial element. Suppose for contradic- 
tion that K I p, represents a nontrivial element but K I p, represents a trivial 
element. This implies that fg -p’pi, relative to &‘kf U Pi U Pj, and therefore 
f = pTp;g = gpTp,I relative to M4 U Pi U 4 where p; is a nontrivial rotation in 
V,<<.>. Hence p,?p,:= gf = (fg)-’ 2 (p’p;)-’ rel(M4 U Pi U 4.). Splitting M along 
Pi u P, and considering the induced rotations on a component, we obtain a 
contradiction by Proposition 2.10. Therefore g = fpjp;’ = pi fpi’ relative to &I4 U 
Pi u P,. 
We therefore may assume by the above that f = g, relative to XVI U P. The 
argument now is similar to that of Corollaries 6.5 and 6.6 and uses Theorem 6.1. 
0 
Corollary 6.8. Let M be a compact irreducible sufficiently large 3-manifold which 
contains 2-sided projective planes such that M does not contain a copy of V with 
a,(V) c aM, and M # P2 x S1. Let g be an involution of M such that g does not 
exchange the sides of any g-invariant projective plane. If f is an inuolution of M 
isotopic to g, then f is strongly equivalent to g. 
Proof. We may assume M f P2 X I. By Theorem 5.13 we may assume f 1 a~ = g 1 a~. 
Applying Lemma 5.11 and Proposition 5.12, we may further assume g = f, relative 
to &VI. The result now follows by Corollary 6.7. 0 
Corollary 6.9. Let M be a compact irreducible sufficiently large 3manifold with 
incompressible boundary which contains 2-sided projective planes, but M f P2 X S’, 
and let f and g be two involutions of M which induce the same outer automorphism 
on rl(M). Then there exists a (possibly empty) collection U Pi of disjoint nonparallel 
2-sided g-invariant projective planes, and g-invariant regular neighborhoods V( Pi), 
and an involution fl strongly equivalent to f, such that one of the following is true. 
(1) f 1 agrees with g outside a g-inuariant regular neighborhood U V(Pi> of U Pi, 
and is standard on each V(Pi>. 
(2) Every component of the complement of a maximum collection of projective 
planes is a Jaco manifold, and there exists an involution rg commuting with g such 
that f 1 agrees with rgg outside an r,g-invariant regular neighborhood U V(Pi) of 
U Pi, and is standard on each V(Pi). 
Proof. We give a brief outline of the proof, since it is similar to that of Corollary 
6.5. The proof uses Corollary 6.4 in place of Corollary 6.2 on each g-invariant 
component of M - V(P) to obtain a homeomorphism rs defined on the disjoint 
union of these components. The homeomorphism rg may be the identity on some 
of these components. For components of M - V(P) which are not g-invariant, 
proceed as in the proof of Corollary 6.5 except for the following addition. If rR is 
nontrivial on some g-invariant component, and if g exchanges two components 
which are Jaco manifolds, then extend rg to each of these components to commute 
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with g. Now extend rg to all of A4 so that if g exchanges two components of V(P) 
then rR and g commute on these components as well. We obtain rgg ( M-v(p) = 
k-lfk I M-V(P). If rg restricted to some component is not the identity, then it 
follows that each component must be a Jaco manifold and the involution rg must 
be nontrivial on all components, for otherwise rg would not induce the identity 
outer automorphism on the fundamental group, implying f and g do not induce 
the same outer automorphism on the fundamental group. If rg # id, and some 
component V(P,> of V(P) is left invariant by g, then by Remark 5.2(b), rg I a~cp,j 
reverses the orientation on the one-dimensional component of the fixed point set 
of g I avcp,j. This implies that we could change the definition of rR in V(Pi) if 
necessary, so that g and rg commute on V(Pi> as well. 0 
7. Examples 
In this section we give two examples which show the necessity of the assump- 
tions in Corollaries 6.6 and 6.7. Example 7.1 shows that two involutions which 
agree on the boundary of a compact irreducible 3-manifold which contains I/, may 
be isotopic (but not relative to the boundary), and yet not be strongly equivalent. 
Example 7.2 shows that if two involutions are isotopic relative to the boundary, 
and are allowed to reverse the sides of an invariant 2-sided projective plane, then 
they need not be strongly equivalent. 
Example 7.1. Let Ni # V for i = 0,l be two copies of a compact irreducible 
sufficiently large 3-manifold containing a projective plane boundary component P,. 
Let M be the manifold obtained by attaching A$ to I/ for i = 0,l along the 
projective plane Pi. There exists an involution h of A4 exchanging N,, and Ni such 
that h I V= ha (see Section 2). Let p0 be a nontrivial rotation about PO having 
support in I/. Then f=pohp;’ =pop; ‘h where pi is a nontrivial rotation about 
P,. By Proposition 2.10, p0 is not isotopic to the identity. Since pop;’ is isotopic to 
the identity, by an isotopy which moves U4, it follows that f is isotopic to h. We 
claim that h is not strongly equivalent to f. Suppose for contradiction that there 
exists a homeomorphism k, isotopic to the identity, such that khk-’ =f. By 
h-equivariantly isotoping k, we may assume that k restricted to a,(V) is the 
identity. This is done by first observing that since k is isotopic to the identity it 
cannot reverse the orientation of fix(h I a,cvj), and therefore the projection of 
kl +(v) to the mirrored Mobius band a,(V)/(h ( acc~j) is isotopic to the identity. 
Now k - r,,r, = r relative to a,(V), where ri is a rotation about Pi and rl is 
nontrivial if and only if r2 is nontrivial. Therefore rr-‘h = rhr-l = khk-’ =f= 
popllh, relative to a,(V). Since rrpl = id, relative to a,(V), we obtain pop; ’ = id 
relative to a,(V). But this is a contradiction by Proposition 2.10. 
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Example 7.2. Let Ni # V for i = 0,l be two copies of a compact irreducible 
sufficiently large 3-manifold that has a projective plane boundary component Pi. 
Let M be the manifold obtained by attaching Pi in Ni to P X {i) in U = P X [O,ll. 
Define involutions h and i of A4 exchanging N, and N, such that h I ” = h, and 
i l u = i, (see the end of Section 1) and h I M_~ = i I M_~ Then by Corollary 1.9, 
h I ,_, = i I u relative to W, and therefore h = i relative to A4 - U. Suppose for 
contradiction there exists a homeomorphism k, isotopic to the identity, such that 
khk-’ = i. Note that since h I M-u = i lFU, h(k(P,)) = k(P,). Let N(, = N, UP X 
[0,1/2] and N; = Nr u P x [l/2,1]. Define an isotopy j, 1 Nb such that j, = id, 
j, I fix(h) = id, and j,k I p, = id. Extend j, to all of A4 by j, I N; = (h I NJj, I N;Xh I N;). 
Note that j, commutes with h and j, k I p, = id. By composing k with j, we may 
assume k I au = id. Since k I No is isotopic to the identity and h I M-u = i I M-, we 
may as above h-equivariantly isotope k so that k 1 M-(l = id. Since M does not 
contain V, it follows by Lemma 4.1.1 in [lo] and Proposition 2.10 that k I u = id 
relative to 87. This implies that h, and i, are strongly equivalent relative to the 
boundary, but this contradicts Corollary 1.9. 
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